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ON REGULAR SEPARABLE COUNTABLY COMPACT R-RIGID SPACES
SERHII BARDYLA AND LYUBOMYR ZDOMSKYY
Abstract. We call a regular topological space X to be R-rigid if any continuous real-valued
function on X is constant. In this paper we construct a number of consistent examples of count-
ably compact R-rigid spaces with additional properties like separability and first countability.
This way we answer several questions of Tzannes, Banakh, Ravsky, and the first author, as well
as get a consistent R-rigid counterexample to a classical problem of Nyikos.
1. Introduction
R-rigid spaces (or, more generally, spaces on which every continuous function into a given space
Y is constant) are of particular interest in general topology, see, e.g., [1, 6, 7, 8, 12, 14, 15, 24,
25, 26, 27]. For a long time all known examples of regular R-rigid spaces were far from being
countably compact. In [26] Tzannes constructed a Hausdorff countably compact R-rigid space T
such that no pair of distinct points of T have disjoint closed neighborhoods, i.e., this space is far
from being regular. This motivated Tzannes to ask the following two questions:
Problem 1 ([23, Problem C65]). Does there exist a regular (first countable, separable) countably
compact space on which every continuous real-valued function is constant?
Problem 2 ([23, Problem C66]). Does there exist, for every Hausdorff space R, a regular (first
countable, separable) countably compact space on which every continuous function into R is con-
stant?
Recently, the first author jointly with Osipov obtained the following affirmative answer to both
questions of Tzannes without the properties mentioned in brackets.
Theorem 1.1 ([4, Theorem 3]). For each cardinal κ ≥ ω there exists a regular infinite space Rκ
such that the closure in Rκ of any X ∈ [Rκ]≤κ is compact, and for any T1 space Y of pseudochar-
acter ψ(Y ) ≤ κ each continuous map f : Rκ → Y is constant.
However, for any κ ≥ ω the space Rκ is neither separable nor first-countable. Since R-rigid
spaces cannot be Tychonoff (and hence are non-compact), the ultimate version of Problem 1
may be thought of as a strong form of the following notoriously difficult old problem of Nyikos,
see [19, 20] for the history thereof and related results.
Problem 3 ([20, Problem 1]). Does ZFC imply the existence of a regular separable, first countable,
countably compact, non-compact space?
In [2] Banakh, Ravsky and the first author posed the following problem, which is a weaker form
of Nyikos’ Problem 3.
Problem 4 ([2, Question 4.9]). Does there exist in ZFC an example of a separable regular se-
quentially compact space which is not Tychonoff?
In this paper we construct a ZFC example of a regular separable totally countably compact
R-rigid space, thus answering Problem 1 for separable spaces in the affirmative, see Theorem 3.3.
On the other hand, it is easy to see that the answer to Problem 2 for separable spaces is negative,
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see Remark 4.5. In Theorem 4.2 we prove that consistently, for each cardinal κ < c there exists a
regular separable totally countably compact space admitting only constant continuous functions
into any T1 space of pseudocharacter ≤ κ, see also Proposition 4.3. In addition we construct a
consistent example of a regular separable first-countable countably compact R-rigid space, thus
providing a consistent counterexample to Problem 3 with additional strong topological properties,
see Theorem 5.2. Finally, by using the non-preservation of the normality by products of “nice”
spaces, in Theorem 5.1 we provide an affirmative answer to Problem 4 outright in ZFC.
The notions used but not defined in this paper are standard and can be found in [9, 10, 18].
2. van Douwen’s extension
For any distinct points a, b of a topological space X by Const(X)a,b we denote the class of T1
spaces such that f(a) = f(b) for any continuous mapping f : X → Y ∈ Const(X)a,b.
In this section we slightly modify the construction of van Douwen [8]. In particular, for any
distinct non-isolated points a, b of a separable regular space X we shall construct a space Da,b(X)
such that for any Y ∈ Const(X)a,b, each continuous function h : Da,b(X) → Y is constant.
Moreover, the space Da,b(X) remains regular and separable.
Let X be a regular separable space and a, b ∈ X be non-isolated points. Put
B(a) = {U ⊂ X | U is an open neighborhood of a and b /∈ U} and
B(b) = {U ⊂ X | U is an open neighborhood of b and a /∈ U}.
Let Z be the Tychonoff product X×ω where ω is endowed with the discrete topology. For any
x ∈ X and n ∈ ω by xn we denote the point (x, n). Analogously, for any B ⊂ X and n ∈ ω the
set B×{n} is denoted by Bn. Let D be a dense countable subset of X such that D ⊂ X \ {a, b}.
Put A = ∪n∈ωDn. Fix any bijection f : A→ ω such that f(xn) 6= n for each n ∈ ω and xn ∈ Dn.
On the set Z consider the smallest equivalence relation ∼ which satisfies the following conditions:
• xn ∼ af(xn) for any n ∈ ω and x ∈ D;
• bn ∼ bm for any n,m ∈ ω.
Let Da,b(X) be the quotient space Z/∼. By pi we denote the natural projection of Z onto
Da,b(X). Put b
∗ = pi(bn) ∈ Da,b(X). Observe that the definition of the element b∗ does not
depend on the choice of n ∈ ω. A subset B ⊂ Z is called saturated if pi−1(pi(B)) = B.
Lemma 2.1. Let X be a regular separable space. Then the space Da,b(X) is regular, separable
and any continuous map g : Da,b(X)→ Y ∈ Const(X)a,b is constant.
Proof. Observe that the countable set pi(A) is dense in Da,b(X) witnessing that the space Da,b(X)
is separable. Since each equivalence class of the relation ∼ is closed in Z the space Da,b(X) is T1.
Fix any q ∈ Da,b(X) \ {b∗} and an open neighborhood U of q. Let {xn} = pi−1(q) \ {ak | k ∈ ω}.
By the definition of the quotient topology, to prove the regularity of Da,b(X) at the point q it is
sufficient to find an open saturated subset B ⊂ Z and a closed saturated subset C ⊂ Z such that
xn ∈ B ⊂ C ⊂ pi−1(U) (note that if xn ∈ B, then pi−1(q) ⊂ B). The subsets B and C will be
constructed inductively. Since Xn is a clopen subspace of the regular space Z and xn /∈ {an, bn}
there exists an open subset V ⊂ Xn such that an, bn /∈ V and xn ∈ V ⊂ V ⊂ pi−1(U). Put
B(0) = C(0) = ∅, B(1) = V and C(1) = V . Assume that we already constructed subsets B(n)
and C(n) for every n ≤ k. Put B
∗
(k) = (B(k) \ B(k−1)) ∩ A and C
∗
(k) = (C(k) \ C(k−1)) ∩ A. Fix
any function t : C∗(k) → B(a) such that t(y)f(y) ⊂ pi
−1(U) for each y ∈ C∗(k). Since pi
−1(U) is
an open saturated subset and the space Z is regular such a function exists. Put s = t↾B∗(k). Let
B(k+1) = ∪{s(y)f(y) | y ∈ B
∗
(k)} ∪ B(k) and C(k+1) = ∪{t(y)f(y) | y ∈ C
∗
(k)} ∪ C(k). Finally, put
B = ∪n∈ωB(n) and C = ∪n∈ωC(n). At this point it is straightforward to check that the set B
(C, resp.) is an open (closed, resp.) saturated subset of Z such that pi−1(q) ⊂ B ⊂ C ⊂ pi−1(U).
Hence the space Da,b(X) is regular at any point q 6= b∗.
Fix any open neighborhood U of b∗ in Da,b(X). By the regularity of Z, for each n ∈ ω there
exists an open neighborhood Vn ⊂ Xn of bn such that Vn ⊂ Vn ⊂ pi−1(U). Put B(0) = C(0) = ∅
B(1) = ∪n∈ωVn and C(1) = ∪n∈ωVn. Observe that the family {Vn}n∈ω is locally finite which yields
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that the set C(1) is closed. Next, repeating the previous inductive construction we can find a desired
sets B and C such that B is open saturated, C is closed saturated and pi−1(b∗) ⊂ B ⊂ C ⊂ pi−1(U).
Hence the space Da,b(X) is regular.
Fix any continuous map g : Da,b(X) → Y ∈ Const(X)a,b. Note that for any n ∈ ω, x ∈ Xn
and an open neighborhood U ⊂ Xn of x there exists an open saturated subset W ⊂ Z such that
U ⊂W and W ∩Xn = U . Thus the map h : X → pi(Xn), h(x) = pi(xn) defines a homeomorphism
between X and the subspace pi(Xn) of Da,b(X). Hence for any n ∈ ω, g(pi(an)) = g(pi(bn)) by the
choice of Y . The definition of the equivalence relation ∼ implies that g(pi(an)) = g(b∗) for any
n ∈ ω. Since the set {pi(an) | n ∈ ω} = pi(A) is dense in Da,b(X) and Y is a T1 space, the map g
is constant on the whole Da,b(X). 
The following lemmas will be useful in the next sections.
Lemma 2.2. Let X be a regular separable countably compact space. Then a subset C of Da,b(X)
is closed and discrete iff |C ∩ pi(Xn)| < ω for each n ∈ ω.
Proof. Let C be a closed discrete subset of Da,b(X). Recall that the subspace pi(Xn) ⊂ Da,b(X) is
homeomorphic to X . Since X is countably compact and C is closed and discrete, the set C∩pi(Xn)
is finite for each n ∈ ω.
Let C be any subset of Da,b(X) such that |C ∩ pi(Xn)| < ω for each n ∈ ω. Observe that for
any x ∈ C the set U = Z \ pi−1(C \ {x}) is an open saturated subset of Z which contains pi−1(x).
Thus pi(U) is an open neighborhood of x in Da,b(X) such that pi(U) ∩ C = {x}. Hence the set C
is discrete.
It is straightforward to check that the set pi−1(C) is closed in Z. By the definition of the
quotient topology the set C is closed in Da,b(X). 
Corollary 2.3. Let X be a regular separable countably compact space. Then for each countable
family F = {C(n)}n∈ω of countable closed discrete subsets of Da,b(X) there exists a countable
closed discrete subset C ⊂ Da,b(X) such that C(n) ⊂
∗ C for each n ∈ ω.
Proof. Fix any countable family F = {C(n)}n∈ω of countable closed discrete subsets of Da,b(X).
By Lemma 2.2, the set C(n) ∩ pi(Xk) is finite for any n, k ∈ ω. Put C
∗
(n) = C(n) \ (∪k≤npi(Xk)),
n ∈ ω. Let C = ∪n∈ωC∗(n). Observe that |C ∩ pi(Xn)| < ω for each n ∈ ω. Lemma 2.2 implies
that C is closed and discrete in Da,b(X). Since C(n) ⊂
∗ C∗(n), we have that C(n) ⊂
∗ C for each
n ∈ ω. 
Following [3], a subset P of a space X is called strongly discrete if each point x ∈ P has a
neighborhood Ox ⊂ X such that the family {Ox | x ∈ P} is disjoint and locally finite in X . A
space X is said to have property D if any countable closed discrete subset of X is strongly discrete.
Lemma 2.4. Let X be a regular separable countably compact space. Then Da,b(X) has property
D.
Proof. Fix any countable closed discrete subset P of Da,b(X). With no loss of generality we can
assume that b∗ /∈ P . Lemma 2.2 implies that for each n ∈ ω the set pi−1(P ) ∩ Xn is finite. It
follows that pi−1(P ) is a closed discrete subset of Z. For each p ∈ P there exists x(p) ∈ X and
n(p) ∈ ω such that {x(p)n(p)} = pi
−1(p) \ {ak | k ∈ ω}. Fix an open subset V (p) ⊂ Xn(p) which
satisfies the following conditions:
(i) x(p)n(p) ∈ V (p);
(ii) V (p) ∩ V (q) = ∅ if p 6= q;
(iii) an(p) /∈ V (p);
(iv) bn(p) /∈ V (p).
Next we shall inductively construct open saturated pairwise disjoint subsets W (p) ⊂ Z, p ∈ P
such that pi−1(p) ⊂ W (p) and the family {pi(W (p)) | p ∈ P} is locally finite. For each p ∈ P
put W (p)(0) = ∅ and W (p)(1) = V (p). Assume that we already constructed subsets W (p)(n)
for each n ≤ k and p ∈ P . Put W (p)∗(k) = (W (p)(k) \ W (p)(k−1)) ∩ A and fix any function
g :W (p)∗(k) → B(a) which satisfies the following condition:
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(v) g(z)f(z) ∩ V (q) = ∅ for every z ∈W (p)
∗
(k) and q ∈ P .
Such a function exists by the choice of V (p), p ∈ P (see condition (iii) above). Let W (p)(k+1) =
∪{g(z)f(z) | z ∈W (p)
∗
(k)} ∪W (p)(k). Finally, for each p ∈ P put W (p) = ∪n∈ωW (p)(n). It is easy
to see that subsets W (p), p ∈ P are open and saturated. Since the map f is bijective the sets
W (p), p ∈ P are pairwise disjoint.
It remains to show that the family {pi(W (p)) | p ∈ P} is locally finite. For this fix any n ∈ ω
and xn ∈ Xn \ {an}. Next we shall inductively construct an open saturated subset U ⊂ Z which
contains xn and intersects only finitely many members of the family {W (p) | p ∈ P}. If xn ∈ W (p)
for some p ∈ P , then put U =W (p). If xn /∈ ∪{W (p) | p ∈ P} there are two cases to consider:
1. xn 6= bn. Put U(0) = ∅ and U(1) = Xn\(pi
−1(P )∪{an}). Assume that we already constructed
U(n) for each n ≤ k. Let U
∗
(k) = (U(k) \ U(k−1)) ∩ A. Consider any function g : U
∗
(k) → B(a) such
that g(z)f(z) ∩ V (p) = ∅ for any p ∈ P and z ∈ U
∗
(k). The existence of such a function is provided
by the bijectivity of f together with the choice of the sets V (p) (see condition (iii) above). Put
U(k+1) = ∪{g(y)f(y) | y ∈ U
∗
(k)} ∪ U(k). Finally, let U = ∪n∈ωU(n). Observe that there exist only
finitely many p ∈ P such that W (p) ∩ Xn 6= ∅. It is easy to check that U is an open saturated
subset of Z which contains xn and intersects only finitely many elements of the set {W (p) | p ∈ P}.
Namely, U ∩W (p) 6= ∅ iff W (p) ∩Xn 6= ∅.
2. xn = bn. The choice of the sets V (p) (see condition (iv) above) and the definition of the sets
W (p) imply that for each k ∈ ω there exists an open neighborhood Vk of bk such that ∪{W (p) |
p ∈ P} ∩ Vk = ∅. Put U(0) = ∅, U(1) = ∪k∈ωVk and repeat the previous inductive construction
to obtain an open saturated subset U ⊂ Z such that {bk | k ∈ ω} ⊂ U and U ∩W (p) = ∅ for all
p ∈ P .
Hence for any x ∈ Z there exists an open saturated set U such that x ∈ U and pi(U)∩pi(W (p)) =
∅ for all but finitely many p ∈ P witnessing that the family {pi(W (p)) | p ∈ P} is locally finite. 
3. Separable regular totally countably compact R-rigid spaces in ZFC
A space X is called totally countably compact if each infinite set in X contains an infinite subset
with compact closure in X . A family F of closed subsets of a topological space X is called a closed
ultrafilter if it satisfies the following conditions:
• ∅ /∈ F ;
• A ∩B ∈ F for any A,B ∈ F ;
• a closed set F ⊂ X belongs to F if F ∩A 6= ∅ for every A ∈ F .
For any A ⊂ X put
〈A〉 = {F ∈ W (X) | there exists F ∈ F such that F ⊂ A}.
Following [10, §3.6], the Wallman extensionW (X) of a T1 space X consists of closed ultrafilters on
X and carries the topology generated by the base consisting of the sets 〈U〉 where U runs through
open subsets of X .
By [10, Theorem 3.6.21], the Wallman extension W (X) is T1 and compact. Notice that a T1
spaceX is normal if and only ifW (X) is Hausdorff [10, 3.6.22]. Consider the map jX : X →W (X)
assigning to each point x ∈ X the principal closed ultrafilter consisting of all closed sets F ⊂ X
containing the point x. It is clear that the image jX(X) is dense in W (X). Since the space X is
T1, Theorem 3.6.21 from [10] provides that the map jX : X →W (X) is a topological embedding.
So, X can be identified with the subspace jX(X) of W (X). Before formulating the main result of
this section we need a few auxiliaries lemmas.
Lemma 3.1 ([4, Lemma 1]). Let F ∈ W (X) and A ⊂ X. Then F ∈ clW (X)(A) if and only if
clX(A) ∈ F .
For a topological spaceX by cW (X) we denote the following subspace of the Wallman extension
W (X):
cW (X) = ∪{clW (X)(A) | A is a countable discrete closed subset of X}.
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Lemma 3.2. Let X be a regular space which has property D and for each countable family F =
{C(n)}n∈ω of countable closed discrete subsets of X there exists a countable closed discrete subset
C ⊂ X such that C(n) ⊂
∗ C for each n ∈ ω. Then the space cW (X) is regular and countably
compact.
Proof. Since the Wallman extension W (X) is T1, the space cW (X) is T1 as well. To prove the
regularity of cW (X) we will show thatW (X) is regular at any point of cW (X). Fix any x ∈ X and
open neighborhood 〈U〉 of x in W (X). By the regularity of X , there exists an open neighborhood
V ⊂ X of x such that clX(V ) ⊂ U . Lemma 3.1 provides that 〈V 〉 ⊂ 〈clX(V )〉 = clW (X)(〈V 〉) ⊂
〈U〉. Hence the space W (X) is regular at any point x ∈ X .
Consider any closed ultrafilter F ∈ cW (X) \ X and fix any open neighborhood 〈U〉 of F in
W (X). Take any F ∈ F such that F ⊂ U . By the definition of cW (X), there exists a countable
closed discrete subset G ⊂ X such that F ∈ clW (X)(G). Lemma 3.1 implies that G ∈ F . Put
H = F ∩ G and note that H is closed and discrete, H ⊂ U and H ∈ F . Since the space X
satisfies property D, the subset H is strongly discrete. Hence there exists a locally finite family
{W (y) | y ∈ H} of pairwise disjoint open subsets of X such that y ∈ W (y) for each y ∈ H . Also,
with no loss of generality we can assume that ∪{W (y) | y ∈ H} ⊂ U . By the regularity of X , for
every y ∈ H there exists an open subset V (y) of X such that y ∈ V (Y ) ⊂ clX(V (y)) ⊂ W (Y ).
Since the family {W (y) | y ∈ H} is locally finite the set ∪{clX(V (y)) | y ∈ H} is closed in X .
Then Lemma 3.1 implies the following:
F ∈ 〈∪{V (y) | y ∈ H}〉 ⊂ 〈∪{clX(V (y)) | y ∈ H}〉 = clW (X)(〈∪{V (y) | y ∈ H}〉) ⊂ 〈U〉.
Hence the space W (X) is regular at any point of cW (X) witnessing that cW (X) is regular.
It remains to show that cW (X) is countably compact. Assuming the contrary, let A be an
infinite closed discrete subset of cW (X). The definition of the space cW (X) implies that the set
A ∩X is finite. Consider any countable infinite subset D = {F(n) | n ∈ ω} ⊂ A ∩ (cW (X) \X).
For each n ∈ ω there exists a countable closed discrete subset C(n) ⊂ X such that C(n) ∈ F(n).
By the assumption, there exists a countable closed discrete subset C ⊂ X such that C(n) ⊂
∗ C.
Note that C ∈ F(n) for each n ∈ ω. Then {F(n) | n ∈ ω} is contained in a compact subset
clcW (X)(C) = clW (X)(C) which implies a contradiction. Hence the space cW (X) is countably
compact. 
Now we are able to formulate the main result of this section which gives an affirmative answer
to Problem 1 for separable spaces.
Theorem 3.3. Each separable regular non-normal (totally) countably compact space X can be
embedded into a regular separable (totally) countably compact R-rigid space R(X).
Proof. To see that separable regular non-normal totally countably compact spaces exist, fix any
ultrafilter p ∈ ω∗ such that the subspace β(ω) \ {p} is non-normal. The existence in ZFC of such
an ultrafilter was proved by Blaszczyk and Szyman´ski in [5]. We claim that β(ω)\{p} is separable,
regular, non-normal and totally countably compact. The first three conditions are obvious. Fix
any countable subset A ⊂ β(ω) \ {p}. Since β(ω) contains only trivial convergent sequences there
exists an open neighborhood U of p in β(ω) such that the set B = A \ U is infinite. Then B is a
compact subset of β(ω) \ {p} witnessing that the space β(ω) \ {p} is totally countably compact.
Let X be any separable regular non-normal (totally) countably compact space. We shall make
three steps to construct a desired space R(X).
Step 1. Using Jones machine [16], we shall construct a separable regular (totally) countably
compact space J(X) which is not functionally Hausdorff. Let A and B be two disjoint closed
subsets of X which cannot be separated by disjoint open subsets. Let Z be a discrete space
of integers and a, b be distinct points which do not belong to X×Z. By R we denote the set
X×Z ∪ {a, b} endowed with the topology τ which satisfies the following conditions:
• the Tychonoff product X×Z is open in R;
• if a ∈ U ∈ τ , then there exists n ∈ N such that {(x,−k) | x ∈ X and k > n} ⊂ U ;
• if b ∈ U ∈ τ , then there exists n ∈ N such that {(x, k) | x ∈ X and k > n} ⊂ U .
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One can check that the space R is separable, regular and (totally) countably compact.
On the space R consider the smallest equivalence relation ∼ such that
(x, 2n) ∼ (x, 2n+ 1) and (y, 2n) ∼ (y, 2n− 1)
for any n ∈ Z, x ∈ A and y ∈ B.
Let J(X) be the quotient space R/∼. Being a continuous image of the separable (totally)
countably compact space R the space J(X) is separable and (totally) countably compact. It
is straightforward to check that J(X) is regular and contains a homeomorphic copy of X (for
instance, one can consider the subspace pi(X × {n}) ⊂ J(X) for any integer n). We claim that
f(a) = f(b) for each continuous map f : J(X) → R. Indeed, if f(a) 6= f(b), then fix a sequence
{U(n) | n ∈ ω} of open neighborhoods of f(a) such that f(b) /∈ ∪n∈ωU(n) and U(n) ⊂ U(n+1)
for each n ∈ ω. Let k = max{n ∈ Z | pi(A×{n}) ⊂ f−1(U0)}. Observe that B1 = f−1(U0) ∩
pi(B×{k + 1}) is a nonempty subset of f−1(U(1)) witnessing that f
−1(U(1)) ∩ pi(X×(k + 1)) 6= ∅.
It is easy to check that the closed sets B1 and pi(A×(k + 2)) cannot be separated by disjoint
open subsets in J(X). Thus A1 = f−1(U1) ∩ pi(A×{k + 2}) is a nonempty subset of f
−1(U(2))
and therefore f−1(U(2)) ∩ pi(X×(k + 2)) 6= ∅. By the induction on n ∈ ω it can be shown that
pi(X×{−k + n}) ∩ f−1(U(n)) 6= ∅ for each n ∈ ω. Since f(b) /∈ ∪n∈ωU(n) there exists an open
neighborhood V of f(b) such that ∪n∈ωU(n) ∩ V = ∅. By the definition of the topology on J(X),
there exists m ∈ ω such that pi(X×{m}) ⊂ f−1(V ). However, f−1(V ) ∩ f−1(U(k+m)) 6= ∅ which
implies a contradiction. Hence f(a) = f(b) for each continuous real-valued function on J(X) or,
equivalently, R ∈ Consta,b(J(X)).
Step 2. Consider the space Da,b(J(X)). By Lemma 2.1, the space Da,b(J(X)) is separable, re-
gular and admits only constant continuous real-valued functions. Also, recall that Da,b(J(X)) con-
tains a homeomorphic copy of J(X) and, as a consequence, of X . However, the space Da,b(J(X))
fails to be countably compact.
Step 3. Consider the space R(X) = cW (Da,b(J(X))). By Lemma 2.4 and Corollary 2.3, the
space Da,b(J(X)) satisfies conditions of Lemma 3.2. Hence the space R(X) is regular separable
countably compact and contains Da,b(J(X)) as a dense subspace which implies that R(X) is
R-rigid.
It remains to check that the space R(X) is totally countably compact whenever X is totally
countably compact. Recall that in this case J(X) is totally countably compact. Fix any countable
infinite subset D ⊂ R(X). There are two cases to consider:
1. The set D∩Da,b(J(X)) is infinite. If there exists n ∈ ω such that the setM = pi(J(X)n)∩D
is infinite, then by the total countable compactness of J(X) (recall that pi(J(X)n) is homeomorphic
to J(X)) there exists an infinite subset N ⊂M such that N is compact in R(X). If for each n ∈ ω
the set D ∩ pi(J(X)n) is finite, then Lemma 2.2 implies that the set D is closed and discrete in
Da,b(J(X)). Hence the set clR(X)(D) = clW (Da,b(J(X)))(C) is compact.
2. The set D ∩Da,b(J(X)) is finite. Let T = {F(n) | n ∈ ω} = D ∩ (R(X) \Da,b(J(X))). For
each n ∈ ω there exists a closed discrete subset C(n) ⊂ Da,b(J(X)) such that C(n) ∈ F(n). By
Corollary 2.3, there exists a countable closed discrete subset C ⊂ Da,b(J(X)) such that C(n) ⊂
∗ C.
Note that C ∈ F(n) for each n ∈ ω. Then {F(n) | n ∈ ω} is contained in a compact subset
clR(X)(C) = clW (Da,b(J(X)))(C). Hence the space R(X) is totally countably compact. 
4. Consistent generalization
For a cardinal θ a subset T= {Tα}α∈θ ⊂ [ω]ω is called a tower if for any α < β < θ, Tα ⊂∗ Tβ
and |Tβ \ Tα| = ω. A tower T= {Tα}α∈θ is called regular if the cardinal θ is regular. A tower T
is called maximal if for any infinite subset I of ω there exists Tα ∈ T such that the set I ∩ Tα is
infinite.
In this section, we provide a consistent generalization of Theorem 3.3. For this purpose we will
essentially use an example of Franklin and Rajagopalan constructed in [11] (see also Example 7.1
in [9]).
For any ordinals α, β by [α, β] we denote the set of all ordinals γ such that α ≤ γ ≤ β. Further, if
some ordinal α is considered as a topological space, then α is assumed to carry the order topology.
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For any distinct cardinals α, β, by Tα,β we denote the punctured Tychonoff (α, β)-plank, i.e., the
subspace (α+ 1)×(β + 1) \ {(α, β)} of the Tychonoff product (α+ 1)×(β + 1).
Lemma 4.1 ([4, Lemma 3]). Let κ be a cardinal and Y be a T1 space of pseudo-character ψ(Y ) ≤
κ. Then for any regular cardinals λ, ξ such that κ+ < λ < ξ and for each continuous map
f : Tλ,ξ → Y there exist y ∈ Y , α ∈ λ and µ ∈ ξ such that [α, λ]×[µ, ξ] \ {(λ, ξ)} ⊂ f−1(y).
The following theorem is the main result of this section.
Theorem 4.2. Let κ be a cardinal such that there exist two maximal towers T1,T2 satisfying
κ+ < |T1| < |T2|. Then there exists a separable totally countably compact space Q such that for
any T1 space Y of pseudo-character ψ(Y ) ≤ κ each continuous map f : Q→ Y is constant.
Proof. Fix an infinite cardinal κ and two maximal towers T1 = {T 1α | α ∈ t1} and T2 = {T
2
α |
α ∈ t2} such that κ+ < t1 < t2. For every i ∈ {1, 2}, consider the space Yi = Ti ∪ ω which is
topologized as follows. Points of ω are isolated and a basic open neighborhood of T ∈ Ti has the
form
B(S, T, F ) = {P ∈ Ti | S ⊂
∗ P ⊆∗ T } ∪ ((T \ S) \ F ),
where S ∈ Ti ∪ {∅} satisfies S ⊂∗ T and F is a finite subset of ω.
Repeating arguments used in [9, Example 7.1] one can check that the space Yi is sequentially
compact, separable and locally compact for every i ∈ {1, 2}. For every i ∈ {1, 2} choose any point
∞i /∈ Yi and let Xi = {∞i} ∪ Yi be the one-point compactification of the locally compact space
Yi. Consider the space Π = (X1 ×X2) \ {(∞1,∞2)}. It is easy to see that the space Π is regular
separable and sequentially compact. Observe that Π is not normal, because the closed subsets
A = {∞1}×T2 and B = T1×{∞2} cannot be separated by disjoint open sets. Also, note that
the sets A and B are homeomorphic to the cardinals t1 and t2, respectively. Thus the subspace
T1×T2 ∪ A ∪B ⊂ Π is homeomorphic to the Tychonoff plank Tt1,t2 .
Next, using Jones machine, we shall construct the space J(Π) similarly as the space J(X) was
constructed in the proof of Theorem 3.3. More precisely, let Z be a discrete set of integers and
a, b distinct points which do not belong to Π×Z. By R we denote the set Π×Z ∪ {a, b} endowed
with the topology τ which satisfies the following conditions:
• the Tychonoff product Π×Z is open in R;
• if a ∈ U ∈ τ , then there exists n ∈ N such that {(x,−k) | x ∈ Π and k > n} ⊂ U ;
• if b ∈ U ∈ τ , then there exists n ∈ N such that {(x, k) | x ∈ Π and k > n} ⊂ U .
On the space R consider the smallest equivalence relation ∼ such that
(x, 2n) ∼ (x, 2n+ 1) and (y, 2n) ∼ (y, 2n− 1)
for any n ∈ Z, x ∈ A and y ∈ B.
Let J(Π) be the quotient space R/∼. It is easy to check that J(Π) is separable regular and
sequentially compact space. Fix any T1 space Y with pseudo-character ≤ κ and a continuous map
f : Π → Y . We claim that f(a) = f(b). Consider the map f ◦ pi : R → Y . Recall that for each
n ∈ Z the subspace (T1×T2 ∪ A ∪ B)×{n} is homeomorphic to Tt1,t2 . Thus, Lemma 4.1 implies
that for each n ∈ Z there exist yn ∈ Y and ordinals αn ∈ t1, βn ∈ t2 such that
{(x,∞2, n) | x ∈ T1 \ {T
1
ξ | ξ ≤ αn}} ∪ {(∞1, y, n) | y ∈ T2 \ {T
2
ξ | ξ ≤ βn}} ⊂ pi
−1(f−1(yn)).
Put α = sup{αn | n ∈ Z}. Since pi((∞1, x, 2n)) = pi((∞1, x, 2n + 1)) and pi((y,∞2, 2n)) =
pi((y,∞2, 2n− 1)) for any n ∈ Z, x ∈ T2 and y ∈ T1 we obtain that y2n−1 = y2n = y2n+1, n ∈ Z.
Hence there exists a unique y ∈ Y such that
D = pi({(x,∞2, n) | n ∈ Z and x ∈ T1 \ {T
1
ξ | ξ ≤ α}}) ⊂ f
−1(y).
Observe that {a, b} ⊂ D ⊂ f−1(y) = f−1(y). Hence any T1 space Y of pseudo-character ≤ κ
belongs to Consta,b(J(Π)).
Finally, consider the space Da,b(J(Π)) and put Q = cW (Da,b(J(Π))). Similarly as in the proof
of Theorem 3.3 it can be showed that the space Q is regular, separable, totally countably compact
and admits only constant continuous mappings into any T1 space of pseudocharacter ≤ κ. 
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Next we show that the assumption of Theorem 4.2 is consistent with ZFC and may hold for many
κ < c simultaneously. This fact may be thought of as a folklore, e.g., in private communication
we have been informed by V. Fischer and J. Schilchan that they have come across the same ideas.
Nonetheless we give a somewhat detailed proof thereof using the Mathias forcing MF associated to
a free filter F on ω. MF consists of pairs 〈s, F 〉 such that s ∈ [ω]<ω, F ∈ F , and max s < minF .
A condition 〈s, F 〉 is stronger than 〈s′, F ′〉 if F ⊂ F ′, s is an end-extension of s′, and s \ s′ ⊂ F ′.
This poset introduces the generic subset X ∈ [ω]ω such that X ⊂∗ F for all F ∈ F , namely
X =
⋃
{s : ∃F ∈ F (〈s, F 〉 ∈ G)}, where G is MF generic.
Proposition 4.3. Let V be a model of GCH and κ a cardinal of uncountable cofinality. Then
there is a ccc poset P such that in V P, 2ω = κ and for every regular cardinal λ ≤ κ there is a tower
{T λξ : ξ < λ}.
Proof. P will be a two step iteration P0 ∗ P˙1, where P0 = Fin(κ × ω, 2) is the standard Cohen
poset adding κ-many Cohen reals. Let Λ be the set of all regular cardinals λ ≤ κ. P˙1 is a
(P0-name for) the finitely supported product
∏
λ∈ΛQ
λ, where Qλ = Qλλ in the finite support
iteration 〈Qλα, R˙
λ
β : β < λ, α ≤ λ〉 defined as follows. Suppose that we have already constructed
〈Qλα, R˙
λ
β : β < ξ, α ≤ ξ〉 for some ξ < λ, giving rise to a sequence 〈A˙
λ
β : β < ξ〉 of Q
λ
ξ -names for
infinite subsets of ω such that 1Qλ
ξ
forces 〈A˙λβ : β < ξ〉 to be ⊂
∗-decreasing. Then R˙λξ is the Q
λ
ξ -
name for the Mathias forcing MF˙λ
ξ
, where F˙λξ is the name for the filter generated by 〈A˙
λ
β : β < ξ〉,
and A˙λξ is the MF˙λ
ξ
-generic real. This completes our definition of P. In V P0 , every Qλ is σ-centered
being an iteration of σ-centered posets of length at most continuum, see [13]. Thus P1 is ccc in
V P0 being a finite support product of σ-centered posets, and hence P is ccc as well. A standard
counting of nice names for reals shows that 2ω = κ in V P.
Let G be P-generic filter and Aλβ := (A˙
λ
β)
G for all λ ∈ Λ and β < λ. Thus in V [G], 〈Aλβ : β < λ〉
has the property that Aλβ ⊂
∗ Aλξ for all ξ < β < λ. Let h
λ
β be the enumerating function of A
λ
β , i.e.,
the unique increasing bijection from ω onto Aλβ . Since for every λ ∈ Λ the poset P can be written
in the form P0 ∗ (
∏
ν∈Λ\{λ} Q˙
ν × Q˙λ), we conclude that the family {hλβ : β < λ} is unbounded
in V [G], and hence the family {Aλβ : β < λ} has no infinite pseudointersection. It follows that
{ω \Aλβ : β < λ} is a tower of length λ in V [G]. 
Theorem 4.2 motivates the following
Problem 5. Is it consistent that there exists a cardinal κ such that κ < c ≤ κ++ and a separable
(totally) countably compact regular space Q such that for any T1 space Y with ψ(Y ) ≤ κ, any
continuous map f : Q→ Y is constant?
Remark 4.4. Theorem 4.2 cannot be generalized to the case κ = c. Indeed, let Y be a regular
separable space. Then ψ(X) ≤ 2ω = c by inequality 2.7, page 15 of [17], and thus the identity
map id : Y → Y is continuous and non-constant.
Remark 4.5. The answer to Problem 2 in the case of separable spaces is negative. For this
observe that the cardinality of any regular separable space is bounded by the cardinal 2c. Thus
there exists a set S consisting of separable regular spaces such that any separable regular space is
homeomorphic to some element of S. Consider the Tychonoff product ΠS. Obviously the space
ΠS is regular and for each regular separable space X there exists a non-constant (even injective)
continuous map f : X → ΠS.
5. Around the problem of Nyikos
First we answer in the affirmative Problem 4, the latter being variation of Nyikos’ problem
obtained by weakening the disjunction of first-countability and countable compactness to the
sequential compactness.
Theorem 5.1. There exists a regular separable sequentially compact non-functionally Hausdorff
space S within ZFC.
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Proof. Fix any maximal tower T = {Tα | α ∈ κ} on ω and let Y be the space of Franklin and
Rajagopalan which corresponds to the tower T (see spaces Y1, Y2 in the proof of Theorem 4.2
or Example 7.1 from [9]). Recall that Y is separable normal locally compact and sequentially
compact. By Y ∗ we denote the one point compactification of Y . Observe that the Tychonoff
product of Z = Y×Y ∗ is separable regular and sequentially compact.
Claim. The space Z is not normal.
Proof. Recall that the space Y contains a closed homeomorphic copy of the cardinal κ and the
space Y ∗ contains a closed homeomorphic copy of the ordinal κ + 1. Therefore the space Z
contains a closed homeomorphic copy of the Tychonoff product K = κ×(κ + 1). It remains to
show that that the space K is not normal. To derive a contradiction, assume that K is normal.
Consider the closed disjoint subsets A = {(α, α) | α ∈ κ} and B = {(α, κ) | α ∈ κ} of K. Since
K is pseudocompact, Glicksberg’s Theorem (see [10, Exercise 3.12.20(c)]) implies that β(K) =
β(κ)×β(κ+1) = (κ+1)×(κ+1). Since the space K is normal, Corollary 3.6.4 from [10] provides
that clβ(K)(A) ∩ clβ(K)(B) = ∅. However, it is easy to see that (κ, κ) ∈ clβ(K)(A) ∩ clβ(K)(B)
which implies a contradiction. 
Finally, using Jones machine (similarly as in the proof of Theorem 3.3 and Theorem 4.2) we
construct the space S = J(Z) which is regular separable sequentially compact but not functionally
Hausdorff. 
The rest of this section is devoted to the following theorem whose proof will be divided into
several steps and rely onto the example of a non-normal regular separable first-countable countably
compact space constructed by Nyikos and Vaughan in [21] under t = ω1. We shall need the set-
theoretic assumption “ω1 = t < b = c and there exists a simple Pc-point” which we denote by
♥.
Theorem 5.2. (♥) There exists a regular separable first-countable R-rigid countably compact
space.
Theorem 5.2 implies that the affirmative answer to the strongest version of Problem 1 is con-
sistent, as well as gives consistent counterexamples to the Nyikos’ problem which are R-rigid.
Recall that an ultrafilter F on ω is called a simple Pκ-point, where κ is a regular cardinal, if
there exists a basis {Fα : α < κ} of F which is a tower of length κ. The following fact shows
that ♥ is consistent with ZFC and seems to be a kind of folklore. We are grateful to A. Dow for
sharing with us the proof sketched below.
Proposition 5.3. ♥ is consistent.
Proof. Let V be a model of GCH and P0 be a poset adding ω3 Cohen subsets of ω1 with countable
supports. Thus 2ω = ω1 and 2
ω1 = ω3 holds in V
P0 . In V P0 , let P1 be a finite support iteration of
length ω2 of ccc posets of size ω1 producing a simple Pω2 -point and forcing in addition b = c = ω2.
For this it is enough that we take cofinally often Hechler forcing as well as the Mathias forcing for
ultrafilters which are made always larger by including into the next ones the Mathias generics for
the previous ones.
Since 2ω1 = ω3 > c = ω2 in V
P0∗P˙1 , we conclude that p = ω1 in this model because 2
κ = c
for any infinite κ < p. The latter statement is also well-known and follows from the existence
of a countable dense subset Q of 2κ as well as the fact that each point x of 2κ is a limit of a
sequence in Q convergent to x because 2κ has character κ < p (see [9, p.130]), which gives that
2κ ≤ |Q|ω = c. 
Observe that the extension Da,b(X) does not preserve first-countability. Therefore we shall use
a suitable modification of this extension defined below. Let X , a, b, B(a), B(b), Z, D, Dn, A, b∗,
f : A→ ω, ∼ and pi be such as in Section 2. In addition, we shall assume that X is first-countable.
Next we introduce two kinds of sets in Z which will be useful in the definition of the topology on
Z/ ∼ which is weaker than that of Da,b(X).
• For any n ∈ ω and subsets U ⊂ Xn \ {an, bn}, V ⊂ X \ {b} such that int(V ) ∈ B(a) we shall
inductively construct the subset [U ]V ⊂ Z as follows: let U(0) = ∅, U(1) = U and assume that for
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some n ∈ ω the sets U(k), k ≤ n are already constructed. Put U
∗
(n) = (U(n) \ U(n−1)) ∩ A and
U(n+1) = ∪{Vk | k ∈ f(U
∗
(n))} ∪ U(n). Finally, let [U ]V = ∪n∈ωU(n).
• For any subsets U ⊂ X \ {a} and V ⊂ X \ {b} such that int(U) ∈ B(b) and int(V ) ∈ B(a)
we shall inductively construct the subset [Ub]V ⊂ Z as follows: let U(0) = ∅, U(1) = ∪n∈ωUn
and assume that for some n ∈ ω the sets U(k), k ≤ n are already constructed. Put U
∗
(n) =
(U(n) \ U(n−1)) ∩ A and U(n+1) = ∪{Vk | k ∈ f(U
∗
(n))} ∪ U(n). Finally, let [Ub]V = ∪n∈ωU(n).
• Let Ea,b(X) be the quotient set Z/∼ endowed with the topology τ generated by the base
B(τ) = {pi([Un]V ) |n ∈ ω, U is an open subset of X \ {a, b} and V ∈ B(a)}∪
∪ {pi([Ub]V | U ∈ B(b) and V ∈ B(a)}.
Observe that the topology τ is weaker than the quotient topology on Z/∼, that is the identity
map id : Da,b(X) → Ea,b(X) is continuous. This immediately yields that Ea,b(X) is separable
and any continuous map g : Ea,b(X)→ Y ∈ Const(X)a,b is constant.
Lemma 5.4. The space Ea,b(X) is first-countable.
Proof. Let {A(n) | n ∈ ω} ⊂ B(a) and {B(n) | n ∈ ω} ⊂ B(b) be open neighborhood bases at the
points a ∈ X and b ∈ X , respectively. It is straightforward to check that the family {pi([B
(n)
b ]A(n)) |
n ∈ ω} forms an open neighborhood base at the point b∗ ∈ Ea,b(X). Fix any q ∈ Ea,b(X) \ {b∗}
and notice that there exist x ∈ X \ {a, b} and n ∈ ω such that pi−1(q) \ {an | n ∈ ω} = {xn}. Let
{U (k) | k ∈ ω} be an open neighborhood base at the point x ∈ X such that U (k) ⊂ X \ {a, b} for
any k ∈ ω. It is easy to check that the family {pi([U
(k)
n ]A(k)) | k ∈ ω} forms an open neighborhood
base at the point q ∈ Ea,b(X). Hence the space Ea,b(X) is first-countable. 
It remains to verify that Ea,b(X) is regular. For this we need the following auxiliary lemma:
Lemma 5.5. For any n ∈ ω and subsets W ∈ B(b), V ∈ B(a), and U ⊂ X \ {a, b} such that
a 6∈ clX(U) the following inclusions hold:
(i) clEa,b(X)(pi([Un]V )) ⊂ pi([clX(U)n]clX (V ));
(ii) clEa,b(X)(pi([Wb]V )) ⊂ pi([clX(W )b]clX(V )).
Proof. Fix any n ∈ ω and subsets W ∈ B(b), V ∈ B(a), U ⊂ X \ {a, b} such that a 6∈ clX(U).
Let q ∈ Ea,b(X) be such that pi−1(q) ⊂ Z \ [clX(U)]clX(V ). Observe that the set [clX(U)n]clX(V )
is closed in Z. Two cases are possible:
1. q 6= b∗. Let {xm} = pi
−1(q)\ {ak | k ∈ ω}. Fix an open subset Tm ⊂ Xm \ ([clX(U)n]clX (V ) ∪
{am, bm}) which contains xm, and an O ∈ B(a) such that O ∩ U = ∅. It can be checked that
pi([Tm]O) is an open neighborhood of q in Ea,b(X) which is disjoint from the set pi([Un]V ), which
yields q /∈ clEa,b(X)(pi([U ]V )).
2. q = b∗. Fix any T ∈ B(b) such that T ⊂ X \ clX(V ) and T ∩ U = ∅. Let O ∈ B(a) be such
that O ∩ U = ∅. A routine verifications show that [Tb]O ∩ [Un]V = ∅. Therefore, the set pi([Tb]O)
is an open neighborhood of b∗ in Ea,b(X) which is disjoint with the set pi([Un]V ), thus witnessing
b∗ /∈ clEa,b(X)(pi([Un]V )). This proves the inclusion (i).
The second inclusion can be proved analogously. 
Lemma 5.6. The space Ea,b(X) is regular.
Proof. Fix any q ∈ Ea,b(X) \ {b∗}, and let pi−1(q) \ {ak | k ∈ ω} = {xn}. Observe that
{q} = ∩{pi([Un]V ) | V ∈ B(a), x ∈ U ⊂ X \ {a, b} and U is open in X} and
{b∗} = ∩{pi([Ub]V ) | V ∈ B(a), U ∈ B(b)}.
Hence Ea,b(X) is a T1 space.
Let pi([Un]V ) be any basic open neighborhood of the point q. Recall that U is an open neighbor-
hood of x in X . By the regularity of X , there exists an open neighborhood W ⊂ X of x such that
clX(W ) ⊂ U . Using one more time the regularity of X find any F ∈ B(a) such that clX(F ) ⊂ V .
Lemma 2.4 implies that
q ∈ pi([Wn]F ) ⊂ clEa,b(X)(pi([Wn]F )) ⊂ pi([clX(W )n]clX (F )) ⊂ pi([U ]V ).
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Fix any open neighborhood pi([Ub]V ) of b
∗. By the regularity of X , there exist W ∈ B(b) and
F ∈ B(a) such that clX(W ) ⊂ U and clX(F ) ⊂ V . Lemma 2.4 provides that
clEa,b(X)(pi([Wb]F )) ⊂ pi([clX(W )b]clX (F )) ⊂ pi([Ub]V ).
Hence the space Ea,b(X) is regular. 
Let ♥ be the assertion “b = c and there exists a simple Pc-point”. The following proposition
will be crucial in our construction of regular separable first-countable R-rigid countably compact
space.
Proposition 5.7. (♥) Let X be a regular first-countable space of cardinality κ < c. Then there
exists a regular first-countable countably compact space O(X) which contains X as a dense sub-
space.
Proof. Let X be a regular first-countable space such that |X | < c. If X is countably compact, then
put O(X) = X . Otherwise, let D = {A ∈ [X ]ω | A is closed and discrete} and fix any bijection
h : D ∪ [c]ω → c such that h(a) ≥ sup(a) for any a ∈ [c]ω . It is easy to see that such a bijection
exists. Next, using ideas of Ostaszewski [22], for every α ≤ c we shall inductively construct a
topology τα on X ∪ α by defining an open neighborhood base Bα(x) at each point x ∈ X ∪ α.
For convenience, by Yα we denote the space (X ∪ α, τα). At the end, we will show that the space
O(X) = Yc has the desired properties.
Let Y0 = X and for each x ∈ X fix an open neighborhood base B0(x) = {U0n(x) | n ∈ ω} at the
point x such that U00 (x) = X and U
0
n+1(x) ⊂ U
0
n(x). Assume that for each α < ξ the spaces Yα are
already constructed by defining for each x ∈ Yα the family Bα(x) = {Uαn (x) | n ∈ ω} which forms
an open neighborhood base at x in Yα. Moreover, additionally suppose that the spaces Yα are T1,
Uα0 (x) = Yα, clYα(U
α
n+1(x)) ⊂ U
α
n (x) and U
α
n (x) = U
β
n (x) ∩ Yα for any x ∈ Yα and α < β < ξ.
Then we have three cases to consider:
1) ξ = η + 1 for some η ∈ c and h−1(η) already has an accumulation point in Yη;
2) ξ = η + 1 for some η ∈ c and h−1(η) does not have an accumulation point in Yη;
3) ξ is a limit ordinal.
1) Let Bξ(x) = Bη(x) for each x ∈ Yη. The open neighborhood base Bξ(η) at the point η ∈ Yξ
is defined as follows: U ξ0 (η) = Yξ and U
ξ
n(η) = {η} for each n > 0.
2) Let h−1(η) = {zn}n∈ω. Fix any simple Pc-point p which exists by the assumption. For any
y ∈ Yη fix m(y) ∈ ω such that Fy = {n ∈ ω | zn ∈ U
η
m(y)(y) \ U
η
m(y)+1(y)} ∈ p. Since the set
h−1(η) is closed the integer m(y) exists for any y ∈ Yη. Since |Yη| < c there exists Fη ∈ p such
that Fη ⊂∗ Fy for any y ∈ Yη. Let dη = {zn | n ∈ Fη}. Note that dη ⊂∗ U
η
m(y)(y) \ U
η
m(y)+1(y) ⊂
Uη
m(y)(y)\ clYη(U
η
m(y)+2(y)) for any y ∈ Yη. Since the set U
η
m(y)(y)\ clYη (U
η
m(y)+2(y)) is open there
exists a function fy ∈ ωω such that clYη (U
η
fy(n)
(zn)) ⊂ U
η
m(y)(y) \ clYη (U
η
m(y)+2(y)) for all but
finitely many n ∈ Fη. Let fη ∈ ωω be a function such that fη ≥∗ fy for each y ∈ Yη. Such an
fη exists because |Yη| < b. Next we define the open neighborhood base at the point η ∈ Yξ: Put
U ξ0 (η) = Yξ and U
ξ
k (η) = ∪{U
η
fη(n)+k
(zn) | n ∈ Fη \ k} ∪ {η} for all k ≥ 1. For each y ∈ Yη and
n ∈ ω let U ξn(y) = U
η
n(y) if n ≥ m(y) + 1 and U
ξ
n(y) = U
η
n(y) ∪ {η} if n ≤ m(y). Obviously, the
space Yξ is T1. We claim that the family {U
η
fη(n)
(zn) | n ∈ Fη} is locally finite in Yη. Recall that
for each y ∈ Yη, clYη(U
η
fy(n)
(zn)) ⊂ U
η
m(y)(y) \ clYη (U
η
m(y)+2(y)) for all but finitely many n ∈ Fη.
Since fη ≥∗ fy for any y ∈ Yη we obtain that clYη (U
η
fη(n)
(zn)) ⊂ U
η
m(y)(y) \ clYη (U
η
m(y)+2(y)) for
all but finitely many n ∈ Fη. Hence for any y ∈ Yη the set U
η
m(y)+2(y) intersects only finitely
many elements of the family {Uη
fη(n)
(zn) | n ∈ Fη} witnessing that this family is locally finite. Fix
any k ∈ ω. Since Uη
fη(n)+k
(zn) ⊂ U
η
fη(n)
(zn) we obtain that the family {U
η
fη(n)+k
(zn) | n ∈ Fη}
is locally finite as well. This proves that Yξ is Hausdorff: For every y ∈ Yη the intersection
U ξ
m(y)+2(y) ∩ U
ξ
k (η) = U
η
m(y)+2(y) ∩ U
ξ
k (η) is empty provided that k is larger than all of the
(finitely many) elements n ∈ Fη such that U
η
fy(n)
(zn) ∩ U
ξ
m(y)+2(y) 6= ∅.
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Next, we shall prove that clYξ(U
ξ
n+1(y)) ⊂ U
ξ
n(y) for each y ∈ Yξ. First consider the case y ∈ Yη.
If n ≥ m(y) + 1, then
clYξ(U
ξ
n+1(y)) = clYξ(U
η
n+1(y)) = clYη (U
η
n+1(y)) ⊂ U
η
n(y) ⊂ U
ξ
n(y)
because in this case n+1 ≥ m(y)+2 and thus η, the only element of Yξ \Yη, has a neighbourhood
disjoint from Uηn+1(y), as we have established above. If n ≤ m(y), then we have
clYξ(U
ξ
n+1(y)) ⊂ clYξ(U
η
n+1(y) ∪ {η}) = clYξ(U
η
n+1(y)) ∪ {η} = clYη (U
η
n+1(y)) ∪ {η} ⊂
⊂ Uηn(y) ∪ {η} = U
ξ
n(y),
the second equality is again a consequence of the fact that {η} = Yξ \ Yη. Now let us consider the
case y = η. For each k ∈ ω we have
clYξ(U
ξ
k+1(η)) = clYξ
(⋃
{Uη
fη(n)+k+1
(zn) | n ∈ Fη \ (k + 1)} ∪ {η}
)
=
= clYξ
(⋃
{Uη
fη(n)+k+1
(zn) | n ∈ Fη \ (k + 1)}
)
∪ {η} =
= clYη
(⋃
{Uη
fη(n)+k+1
(zn) | n ∈ Fη \ (k + 1)}
)
∪ {η} =
=
⋃
{clYη
(
Uη
fη(n)+k+1
(zn)
)
| n ∈ Fη \ (k + 1)} ∪ {η} ⊂
⊂
⋃
{Uη
fη(n)+k
(zn) | n ∈ Fη \ (k + 1)} ∪ {η} ⊂ U
ξ
k (η).
The latest equality is a consequence of the local finiteness of the family {Uη
fη(n)+k+1
(zn) | n ∈ Fη}
in Yη.
3) For each y ∈ Yξ put U ξn(y) = ∪α(y)<γ<ξU
γ
n (y), where α(y) = min{α < ξ : y ∈ Yα}. The next
claim implies that the space Yξ is Hausdorff.
Claim. For any γ < ξ, n,m ∈ ω and distinct points y0, y1 ∈ Yγ , if U
γ
n (y0) ∩ U
γ
m(y1) = ∅, then
U ξn(y0) ∩ U
ξ
m(y1) = ∅.
Proof. To derive a contradiction, assume that U ξn(y0)∩U
ξ
m(y1) 6= ∅. It is easy to see that U
ξ
n(y0)∩
U ξm(y1) ⊂ [γ, ξ). Let δ = minU
ξ
n(yξ)∩U
ξ
m(y1). It follows that U
δ
n(y0)∩U
δ
m(y1) = ∅ and U
δ+1
n (y0)∩
U δ+1m (y1) = {δ}. Then the set dδ is closed and discrete in Yδ. By the definition of U
δ+1
n (y0) (see case
2 above), δ ∈ U δ+1n (y0)∩U
δ+1
m (y1) iff dδ ⊂
∗ U δn(y0)∩U
δ
m(y1) witnessing that U
δ
n(y0)∩U
δ
m(y1) 6= ∅.
A contradiction. 
It remains to check that clYξ(U
ξ
n+1(y)) ⊂ U
ξ
n(y) for each y ∈ Yξ. Fix any y ∈ Yξ and n ∈ ω.
By the assumption, clYγ U
γ
n+1(y) ⊂ U
γ
n (y) for each γ < ξ. To derive a contradiction, assume that
there exists z ∈ Yξ such that z ∈ clYξ U
ξ
n+1(y) \ U
ξ
n(y). Fix any δ < ξ such that z ∈ Yδ. We
claim that z ∈ clYδ U
δ
n+1(y). Indeed, if z /∈ clYδ (U
δ
n+1(y)), then there exists m ∈ ω such that
U δm(z)∩U
δ
n+1(y) = ∅. The Claim proved above implies that U
ξ
m(z)∩U
ξ
n+1(y) = ∅ witnessing that
z /∈ clYξ(U
ξ
n+1(y)). The obtained contradiction implies that z ∈ clYδ (U
δ
n+1(y)) ⊂ U
δ
n(y) ⊂ U
ξ
n(y),
which contradicts the choice of z. Hence clYξ(U
ξ
n+1(y)) ⊂ U
ξ
n(y) for each y ∈ Yξ.
Let O(X) = Yc. By the construction, the space O(X) is regular and first-countable. Let A be
any countable subset of O(X). If the set B = A ∩ c is infinite, then consider h(B) ∈ c. By the
construction, either B has an accumulation point in Yh(B) or h(B) is an accumulation point of
B in Yh(B)+1. In both cases B has an accumulation point in O(X). If A ⊂
∗ X , then either it
has an accumulation point in X , or A is closed and discrete in X . In the latter case either A has
an accumulation point in Yh(A) or h(A) is an accumulation point of A in Yh(A)+1. Thus O(X) is
countably compact. 
We are in a position now to present the
Proof of Theorem 5.2. Let X be regular non-normal separable first-countable countably compact
space constructed by Nyikos and Vaughan under t = ω1 in [21]. Note that |X | = ω1. Applying
Jones machine to X we obtain regular separable first-countable countably compact space J(X) of
cardinality ω1 containing two points a, b which cannot be separated by any real-valued continuous
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map. Then consider the space Ea,b(J(X)) which is regular separable first-countable R-rigid and
|Ea,b(J(X))| = ω1. Proposition 5.7 implies that the space O(Ea,b(J(X))) is regular first-countable
and countably compact. Moreover, the space O(Ea,b(J(X))) is separable and R-rigid, because it
contains a dense copy of Ea,b(J(X)). 
Remark 5.8. Example 2 from [3] shows that there exists a regular first-countable space of car-
dinality d which cannot be embedded into Urysohn countably compact spaces. Also, it can be
proved that for any mad family A on ω the Mro´wka-Isbell space Ψ(A) is Tychonoff first-countable
and cannot be embedded into any Hausdorff countably compact space of character < b. Hence
Proposition 5.7 cannot be proved within ZFC. In particular its conclusion cannot hold in any
model of min{d, a} < c.
Theorems 5.1 and 5.2 motivate the following
Problem 6. Does there exist a ZFC example of separable sequentially compact regular R-rigid
space?
By d(X), w(X), χ(X), ψ(X), s(X), e(X), and c(X) is denoted the density, weight, character,
pseudo-character, spread, extent, and cellularity of the space X , respectively. We refer the reader
to [10] for their definitions. We end up with a remark which shows how the extensions Da,b(X)
and Ea,b(X) can be generalized for a non-separable space X and reveals some of their properties.
Its proof is fairly standard and is therefore left to the reader.
Remark 5.9. Let a, b ∈ X , B(a), and B(b) be such as in Section 2. Let Z be the Tychonoff product
X×d(X) where d(X) is endowed with the discrete topology. For any x ∈ X and α ∈ d(X) by
xα we denote the point (x, α). Analogously, for any B ⊂ X and α ∈ d(X) the set B×{α} is
denoted by Bα. Let D be a dense subset of X such that D ⊂ X \ {a, b} and |D| = d(X). Put
A = ∪α∈d(X)Dα. Fix any bijection f : A → d(X) such that f(xα) 6= α for each α ∈ d(X) and
xα ∈ Dα. On the set Z consider the smallest equivalence relation ∼ which satisfies the following
conditions:
• xα ∼ af(xα) for any α ∈ d(X) and x ∈ D;
• bα ∼ bξ for any α, ξ ∈ d(X).
Let Da,b(X) be the quotient space Z/∼. Analogously, one can generalize the extension Ea,b(X)
for non-separable spaces.
Let Z ∈ {Da,b(X), Ea,b(X)}. Then every continuous map g : Z → Y ∈ Const(X)a,b is constant.
The space Da,b(X) is regular and d(Da,b(X)) = d(X). If the space X is countably compact, then
Da,b(X) has property D. Also, analogues of Lemma 2.2 and Corollary 2.3 hold for the generalized
extension Da,b(X).
The space Ea,b(X) is also regular and d(Ea,b(X)) = d(X), w(Ea,b(X)) = w(X), χ(Ea,b(X)) =
χ(X), ψ(Ea,b(X)) = ψ(X), s(Ea,b(X)) = max{s(X), d(X)}, e(Ea,b(X)) = max{e(X), d(X)}, and
c(Ea,b(X)) = max{c(X), d(X)}.
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